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                        (Manuscript received June 25, 19791
                           Abstract 
   When the bed is covered by sand waves such as dunes or ripples, the relationship between bed load 
transport rate and hydraulic parameters becomes different from the one valid in the case of flat bed 
conditions. Although the sediment motion in such an undulated bed is much complicated, fortunately 
it is so connected with the geometrical properties of bed configurations that one can describe the bed 
load transport process, not only the averaged properties but also the variational characteristics, by 
making use of a stochastic model for bed load dispersion. In this paper, the characteristics of the rest 
period and the step length in the case of lower regime bed conditions, which are essential elements of 
the stochastic model and represent the probabilistic characteristics of behaviors of individual bed load 
particles, were investigated in relation to the statistical properties of sand waves, and a generalized 
stochastic model which can be applied to such an undulated bed was derived. The theoretical results 
and estimations in this study were verified by the previous experimental data. 
1.  Introduction 
   A number of reaserchers have been interested in sediment transport and subsequent 
alluvial phenomena since early days, and some kinds of bed load transport formulas were 
proposed to comparatively estimate bed load transport rates under equilibrium flat bed 
conditions. Under some hydraulic conditions, however, various kinds of sand waves 
are formed and the characteristics of relationship between bed load transport rate and 
hydraulic parameters such as bed shear stress in such cases are appreciably different 
from those for equilibrium  flat bed conditions as shown in Fig. 1. In this figure the solid 
line shows the bed load function derived by  Einstein') and it is recognized that the experi-
mental data obtained for undulated beds where ripples or dunes are formed dominantly 
are smaller than the estimation given by the solid line with considerably scattering. 
Hence, if one wants to apply the transport formulas previously derived for equilibrium 
 flat bed conditions to such cases as undulated beds, some modifications should be done 
such as to divide the total hydraulic resistance into two  parts  ; one is the part to be 
effective to the movements of sediment particles and the other corresponds to the energy 
loss due to bed form geometry. As for so called 'partitition of hydraulic resistance' 
which is based on the above idea, some devices were proposed in the previous  reaserchers)' 
 a)i4). In other words, in such a method one must estimate the frictional resistance 
effectively acting upon the bed surface which is assumed to act upon a hypothetical flat 
bed as an 'effective tractive force' before one can apply the previously proposed bed load
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transport formulas. Unfortunately, how- 10 _ 4___["_H_, -17 Ii 
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g. 1. The relationship between bed  load in Fig. 3. Therefore, even though the transport rate and bed shear stress  it 
resistance due to surface friction can be undulated beds. 
estimated fairly, it is not always to be able 
to estimate the bed load transport rate exactly. The experimental data were obtainec 
by the measurements with an instrument devised as shown in Fig. 4, in which a series  01 
wooden sand wave models given  by a triangular section of 2 cm height and 53.5 crr 
length were set in the experimental  flume. In the  experiment5) the friction velocity  was 
about  3.76.1  cm/sec and two kinds of sands of which median diameters were 0.074  crr 
and 0.092 cm were used. In Fig. 3, the relationship between dimensionless  pick-u1 
rate defined by the following equation and the distance x' from the reattachment  poin 
of the flow is shown. 
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           Fig. 2. Spatial variation of bed load transport rate over a simulated dune.
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           Fig. 3. Spatial variation of sediment pick-up rate over a simulated dune. 
 Ps•  =,,N1d1(a  ilg-1)g (1) 
where d is sediment diameter,  a/p is the specific weight of sand and g is the acceleration 
of gravity. 
   By the way, even in the case to estimate the bed load transport rate by making use 
of 'effective shear stress' which is generally used, it is necessary to determine the geome-
trical properties of sand waves for estimating the frictional resistance. Bed configu-
rations are, however, too irregular to determine the averaged properties such as mean 
wave height or mean wave length against the hydraulic conditions without many diffi-
culties. 
   If the geometrical properties of sand waves are given, a more simplified method is 
possible. When the mean celerity 
and the mean wave height are  clari-                                                 for measurement of 
 fled, the bed load transport rate due sediment  pick-up rate 
to any migration of sand waves can  ps.,(x)  1 
 4.--- 
be determined. In the case of so 
called 'equilibrium conditions of sand-   .  '.  a1._—.150 
waves' where the sand waves migrate 5  cmx\sand trap 
                                                  for  measurement of 
at a constant speed without any bed load transport  rate 
changes of scales nor the shape of clB,,Cs/ 
                                                                                     ---- 
sand waves, the apparent bed load——— 
transportrate can be expressed by  aL_J ,1\r- 50                                                                                       sand trap  S  cm 
the following equation. 
                                      Fig. 4. A simulated dune to measure bed load trans- 
  qB= S(1— p o)Ow1-1 (2) port rate and sediment pick-up rate.
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where  qs is bed load transport rate expressed by substantial volume per unit width, s is 
a constant determined by the shape of sand waves (in the case of a triangular type, the 
value of s is 0.5, and in case of sinusoidal geometry,  2/17), po is porosity of sand,  Ow is 
mean celerity of sand waves and R is mean wave height of sand waves. The quantities 
representing the geometry of sand waves can be given by the bed profile data which can 
be easily obtained by improved measuring instruments such as a supersonic bed profile 
sounder, but also in this case it is difficult to determine the relationship between these 
quantities and the hydraulic parameters. Eq. (2) has been already verified experi-
mentally by Simons, Richardson &  Nordine) and others, and the experimental  values 
obtained by  U.S.G.S.1),  Steins),  Griggs} and the authors are shown in Fig. 5. 
   On the other hand, the methods above discussed for estimation of bed load transport 
rate in duned beds were combined in the previous study by the  authorslo), where an 
estimating method of surface resistance due to friction and its physical meanings were 
clarified by an energetic consideration. This along with an idea first proposed by 
 Bagnoldtl) for equilibrium flat bed conditions that macroscopic energy of flow and the 
work done by flow against the gravity and the frictional force must be balanced keeps 
us free from questions on non-equilibrium conditions of sediment transport as well as 
those on the subsequent variation of the relation between bed shear stress and the sedi-
ment behaviors, because this inherent mechanism is contracted in this approach as a 
black-box-model. 
   By the way, we can  recognize, according to the principle used to derive Eq. (2) and 
the experimental results shown in Figs. 2 and 3, that bed load transport rate varies 
locally even if the sand waves of the same scale are arranged on the stream bed, and 
that in the case where the bed configurations are as irregular as observed the spatial or 
temporal fluctuations of bed load transport rate are more appreciable. It is considered 
that such irregularities may play an important role for various kinds of alluvial phe-
nomena which are subsequent to bed 
load transport, from which point of view 
it is favourable to describe bed load  —   ram)  
                                                   - 0.010 Stein 
transport process with some consider- 0.032/6 
                                                      Q Dots4309
ations on the irregularities of the sedi-• 
 Author ment particles movements.—  . •2 
   Considering the above discussions, — 
a stochastic model for dispersion processICI  c  
                                               Qvad2, of bed load materials, which was first 
                                      — 
                                                                    ,^) d
erived by  Einsteinli) and improved by—0 (cm) 
some researchers34),35), 10, canrepre-162_  m  c'_e_ 0.019                                                  ctNg Guy. si.ons 
sent not only the probabilistic character--o-  e0.032 g Ridmrdson 
                                                                                                     0.033 
                        ;7:4Q 0.047 istics of behaviors of individual sediment• 0.093                         in-3IIII  III  particlesbu  alsothe statisticalproper-nitur2 
ties of behavior of the sediment transport  RB  11,v2/set OBSERVED 
process as a whole, and thus this model Fig. 5. Bed load transport rate in undulated  beds.
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may be superior to the others. In this paper, the sediment transport processes in dune 
regimes are investigated based on the above stochastic approaches. Through such a 
stochastic model, the sediment transport in dune regimes can be described by a 
universal frame-work in the same way as the case of  flat bed conditions. 
   In a stochastic  mode] for bed  load transport process, the rest period is defined as the 
time period during which a particle is at rest on bed, and the step length is defined as 
the distance for a particle to travel from its incipient motion to the next definite stop. 
These quantities are considered as random variables, which constitute the stochastic 
model. In equilibrium  flat bed conditions, these quantities may be represented by the 
time scale corresponding to the behaviors of a sand in fluid, which may be related to the 
falling velocity of a sand particle and may be proportional to  Visll(erip-1)g and by the 
spatial scale corresponding to the irregularity of sand bed surface, which may  he pro-
portional to the sand  diameters"). In the case of dune bed conditions, however, a 
particle under observation may often be buried beneath the sand bed and may be trans-
ported only  by a migration of sand waves. Therefore, the probabilistic characteristics 
of sediment behaviors can be expressed by the statistical properties of bed configurations. 
Particularly, in the case of lower regimes  where dunes or ripples appear dominantly, a 
sediment particle is dislodged on the upstream slope of a sand wave and deposits on the 
downstream slope of the same wave as shown in Fig. 6, and thus a unique relationship 
between the properties of sediment behaviors and those of sand waves is recognized. 
This fact motivated the derivation of Eq. (2). 
   Based on the above consideration, here we adopt the definition of the rest period in 
case of dune bed conditions by Hubbell &  Sayre's) as shown in Fig. 7. In this case the 
step length can be defined as shown in Fig.  8. The rest period and the step length 
defined above can be investigated based on the studies of the statistical properties of sand 
waves and a model of bed configurations proposed by the  authors's), and these discus-
sions will be involved in Chapters 2 and 3. 
   As for the applicability of a stochastic model, Yang &  Sayrezo) and  Griggs) proposed 
a model where the step length follows a gamma distribution and the rest period follows 
an exponential one, and verified it experimentally. In their model, however, inspection 
for the distributions of step length and rest period and the generalization of the model 
       . • LONGITUDINAL BED PROFILE 
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                                                                    Restperiod at level yi 
Fig. 6. Behaviors of bed load particles on  Fig. 7. Definition of rest period in duned bed 
    dune bed. (after Hubbell &  Sayre).
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are not sufficient. Therefore, subse- LONGITUDINAL BED PROFILE 
quent to the considerations of step  la,  __  _  siak'TT'                                                                              -- 
length and rest period in Chapters 2 
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and  3, a  generalized  stochastic model                                        Fi
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                             Table 1. Experimentalconditions. 
   RUN c/ 
     NO.  i  I (cm)  T*  Re.  hld  VB. 
        A- 1 0.0020 0.065 0.158 26.7 126.2 0.146 
        A- 2 0.0020 0.065 0.128 23.5 102.3 0.020 
        A- 6 0.0020 0.065 0.193 28.8 113.9 0.409 
        A-12 0.0050 0.065 0.384 40.7 123.1 0.667 
       B- 8 0.0050 0.140 0.170 86.0 55.0 0.107 
       B- 9 0.0050 0.140 0.209 95.5 67.9 0.189 
       C- 5 0.0033 0.096 0.167 48.5 81.3 0.120 
       C- 9 0.0050 0.096 0.232 57.0 75.0 0.276 
Chapter 4. Furthermore, in Chapter 5, by Adjustment  Sprinkler 
combining these results, a description and a                                g 
forecast of sediment dispersion processes on114J,IHopper                                                                       it.:.:i'd, ILS.,- 
 duned beds will  he  investigated.  I  1:%:..%:::.:t:.::::;:::if 
                                                            :::!..Th
e data used in Chapters 2 and 3 were 1/4;,'SancR• Sprinkler  Val  ve 
                                                                  s•Cct;s
ysi:.: obtained in exper ments co ducted i  a flumeC4%.::::.  it 
with 33 cm width and 9 m length as shown 
in Fig. 9. After 90,--,120 minutes from intro-                   Motergna; 
ducing a flow to an initially flattened bed, Bel  t-Conveyer  z 
where sand waves may reach their equilibrium Fig. 10. Automatic sand feeder.
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states after full development, the longitudinal bed profiles and the temporal variation of 
bed elevations at the fixed point were registered by a supersonic sounder. The data 
were obtained by analyses of them, and the experimental conditions are shown in Table 
1. In the experiments, some kinds of uniform sands were used and at the upstream 
end of the flume the sand was supplied by an automatic sediment feeder, which is a 
combined type of conveyer belt, hopper and sprinklers as shown in Fig. 10, according 
to the information obtained by the preliminary experiments. 
2. Characteristics of Rest Period in Duned Beds 
   As the characteristics of the rest period in a duned bed are much influenced by the 
height at which the labeled particle stays in the bed, as may be expected from its 
definition shown in Fig. 7, its conditional distribution by the elevation of the particle 
in  the  bed,  y, is at first considered. 
   According to the definition of rest period, the conditional mean rest period at y, 
<T(y)> is given by 
 <T(Y)>=<T(Y)>In(Y) (3) 
where  1C7(y) is the expected times of up-crossings for the level y per unit time of a 
stochastic process  y(0, and  <,-(y)> is the total period when  y(t)y per unit time. 
Because  y(0 is one of Gaussian  processes3m, these are obtained by the result of the 
threshold crossing problem in the theory of stochastic processes and some simple 
probabilistic considerations respectively. 
 2‘2(y*)=.No exp  (—y*2/2) (4) 
 <T(Y*)>=1fi(y.)dy* (5) 
where p(y*) is the normalized probability density function of bed elevation, and  y* is 
the following dimensionless variable using the standard deviation of bed elevation  co. 
                                            (6)
As bed elevation follows a Gaussian distribution, 
 p(y.)-(11,1  27r  )-exp  (—y*2/2) (7) 
 =  MO)  =  (11712P1101/  2  (8) 
where  At is the j-th moment of the frequency spectral density of bed elevation. 
   By the way, 
 <  To>  <T(0)>  =112no (9) 
and so the following equation can be obtained.
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         <T(y*))I<To> =NI2ar exp (y* 2/2)1m*exp( —y*212)ary* (10) 
                                                 a In Fig. 11 the above equation is compared with the experimental results and we can 
recognize a good agreement. 
   Eq. (10) is significant only in the range  of  —2<y*<  2, and according to the experi-
mental data shown in Fig. 12 the following 
relationship between <To> and the mean 0 _ ,                                                              __Author1 '  I I /7 S1-E-F °. i4_r_r - 
rest periodl'is recognized.  _ (profile  data)  3  0  rIcI                                                      ^I°I  T  (sec) C  01 r  -  Grigg (tracer test) 0-- _r 0 . 
    Dr=<770> (11);                                              '  ':.:.1:  1  
r
 03  
In Fig. 12 are shown the experimental    .I_  
I. t- I  I 
results for the rest period obtained from.1 
,
                                                                                   v. the registrations of temporal fluctuation of102so, I  I  II---1  
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ehaviors of sediment motion as shown in rest period.
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Fig. 6 are verified to be valid. 
   Based on the above considerations, the following approximation for the relation 
between <T(y)> and  11 which was proposed by the authors'  experimental) is appropriate. 
 <T(y*)>/r=exp  (-0.90yo) (12)
   On the other hand, as for the y-directional variation of the conditional standard 
deviation of the rest period,  a,(y), the following experimental equation may be adequate 
as shown in Fig. 13. 
 ar(yo)javo=exp  (-0.90y*) (13) 
where  ato=0,(0). From Eqs. (11), (12) and (13), the following equations can be obtained. 
 uti<T>  =deaf<  To>  =const. (14) 
This means that the conditional variation coefficient of rest period is constant along 
the y-direction. According to the experimental results about the rest period shown in 
Table 2, the conditional variation coefficient of rest period (in Table 2 the value  at  y-=0 
or  aro is shown) is about unity or slightly smaller than it. 
   On the contrary, the variation coefficient after releasing the condition, ar is larger 
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               Table 2. Experimental results as for rest period in duned beds. 
                                 <To>  aroCASEaT  are  (
sec)  (sec) (sec)  (sec) 
        A-1-TR 60  48.83 55.36  1.  13  45.41 41.52  0.91 
             90  47.28  49.95  1.06  34.04  35.46 1.04 
 A-6-TR  90  46.60  51.81  1.11  41.94  40.41  0.96 
            120  44.20 49.21  1.11  33.15  29.53 0.89 
 B-8-TR  60  30.63  37.67  1.23  27.57  18.84 0.68 
             90  26.07  36.61  1.40  22.67  14.64 0.65 
 S-9-TR  90  28.80  34.16  1.19  21.89  13.66  0.62 
             120  27.20  33.84 I  1.24  21.76  13.20  0.61 
        C-5-TR 90  42.00  53.38  1.27  38.64  42.17 1.09 
            120  36.80 46.55 1.27  36.31  32.59 0.90 
        C-9-TR 60  30.19 40.15 1.33  24.15  26.50 1.09 
            120  30.53  36.86  1.21  26.87 25.80 0.96  
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           Fig. 14. The relationship between variation coefficient  of rest period 
                     and bed shear stress in duned beds. 
than unity and has about 1.2 as a mean. Such an increase of variation coefficient must 
be caused by an operation of removing the condition.22) Meanwhile, the experimental 
results by radioactive tracer test conducted by  Grigg are shown in Fig. 14 which are 
concerned with dune bed conditions and the mean value of  az, is about 1.2.  Consequently, 
we can estimate that the distribution of rest period after removing the condition may be 
expressed by a gamma one of which variation coefficient is 1.2 or shape parameter is 
about 0.7. The adaptability of such type of distribution is recognized to be good as 
shown in Fig. 15, while the conditional distribution of rest period should be expressed 
by an exponential one, of which adaptability is also verified in Fig. 16. 
3. Characteristics of Step Length over  Duned Beds 
   The chracteristics of step length of a sediment particle traveling over a duned bed 
can be obtained by the longitudinal bed profile after the definition shown in Fig. 8. In 
this  case, we can obtain the conditional step length at first as pone in the case of rest
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period, but particles of which step lengths are to be measured are limited to the ones 
traveling along the bed surface and the distribution of step length after removing the 
condition is far different from the one of rest period. In other words, the frequency of 
the conditional step length  at  y is half of the numbers  of  y-level crossings of y(x), while 
the probability of the conditional rest period  at  y is expressed by one of bed elevations, 
and the operating methods on removing the condition are different between the step 
length and the rest period. 
   As for the step length, the motion of sediment particles is much influenced by the
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bed configurations as mentioned in Chapter 1, and despite that the bed is much  undulat-
ed, some regularity is recongized so that the variation coefficient of the wave length of 
bed forms is about  0.510),21). Hence the variation coefficient of step length becomes 
comparatively small. 
   According to the definition of step length shown in Fig. 8, the distribution of step 
length is expected to be similar to the one of zero-crossing intervals of y(x). Under 
such an insight, the mean and the variance of step length which are represented by A 
and  axe are a half of the mean wave length and a half of its variance, respectively. 
   Therefore, 
 A=7(2 (15) 
 ax=oxIA-=+.12  at=  0.7 (16) 
where  1 and at are the mean and the  (cm)  Tracer  Tests 
variation coefficient of wave length of  0  Grigg (0.035,  0.045cm) 
sand waves respectively, and ax is the 2 eAuthor  (O.  I02  cm)                                                        10Analysis of  Bed Profiles 
 variation coefficient of step length. In by Author   8— 
                                          O  A  (0.065co)  
Fig. 17, Eq. (15) is verified by the ex-  •  3  (0.1400 
 QC l0.09600  
                (0,   perimental data. In this figure, besides the results obtained from the analyses       /  
of longitudinal bed profile registrations, a those obtained by tracer t sts con-  /fog 
        tt  ducted by Grigeand the one measured ,0@-              )- 
   —  
directly over duned beds. In direct                                                      
1 
measurements, colored particles were10t02 
 E  (cm) 
used as tracers and released on the bed                                          Fi
g. 17. The relationship between mean step 
surface undulating as dunes were length and mean wave length of sand 
formed. The median diameter of bed waves, 
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 Table  3. Experimental results as for step length in duned beds. 
    RUNex                        (cmA           ) (cm)ax 
         A- 1  14.82  8.86  0.598  2.80 
         A-12  21.70  14.79  0.652  2.15 
 B-  8  11.23  8.67  0.772  1.68 
          B- 9  12.30  8.77  0.713  1.97 
 C-  5  12.16  8.59  0.706  2.01 
 C-10  11.14  6.88  0.618  2.62 
material was 0.102 cm. According to this figure, the properties of step length obtained 
from bed profile data show good agreements with those of actual sediment motion 
clarified by direct measurements and tracer tests, and thus the validity of the definition 
of step length over duned beds shown in Fig. 8 was verified. 
   From Eq. (16), the distribution of step length can be expected to be expressed by a 
gamma distribution, of which shape parameter  r should be given by 
   r=1/ax2=-2.0 (17) 
Then the probability density function of the normalized step length -=--X//1 which is to 
be represented  by  JX(C) is written as follows. 
 f  xg)  =Theg.exp (-20 (18) 
 The above expression correspondsdunes • Step Length  ripp/eSN 
well to the experimental results as- 
shown in Fig. 18.  1   
  As an additional remark, the   I 
characteristics of the step length  .  I Grigg  • 
                                                                                      Author  AA 
obtained from bed profile data are BY  c^ 
shown in Table 3, and the relation-  oz,2  
                                                                          10-1                                       10010
ship between the variation coef- 
ficient of step length and bed shearFig. 19. The relationship between variation coefficient                                          of step length nd bed sh ar stress n duned 
stress in Fig. 19. beds. 
4. Stochastic Model for Bed Load Transport and Dispersion Process over 
  Duned Beds 
   As mentioned in Chapters 2 and 3, in the case where dunes or ripples are formed, 
rest period and step length do not follow exponential distribution laws and then one 
cannot deal with the sediment transport process as a compound Poisson process. Even 
a modified model by Yang &  Sayre") cannot express its properties because only the 
distribution of step length was revised in that model. Therefore, here it is necessary to 
generalize the stochsatic model for bed load dispersion process which is constituted of
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step length and rest period. In the following, a model for bed load dispersion will be 
derived without determining the types of the distributions of step length and rest period, 
of which probability density functions are to be represented  by  fx(e) and  /7-(T) respective-
ly. 
   The probability density fr(x) of a random variable (x(t)) which indicates the 
distance for a particle noticed to travel in time  t expresses the sediment dispersion process 
well. This can be expressed by the following equation as is recognized easily by consult-
ing Fig.  20"). 
 t(x)--  E  ff.  *(x).  P,(1) (19) 
 aml 
where  fx"(x) is the n-fold convolution of  f  x(x), and it is equivalent to the probability 
density function of  Yr=  X/  ±  X2+  •  •  • if individual steps are independent of each 
other and are members of the identical probabilistic population. And  Pa(t) is the fol-
lowing probability when  N(t) is defined as the number of steps that appear in time  t 
which is also a random variable. 
 P5(1)=Prob[N(t)—n] (20) 
Although Eq. (19) has  been already obtained by Yang &  Sayre20), it can  he obtained 
easily by consulting Fig. 20 without any troublesome probabilistic considerations as seen 
in their paper. Furthermore, it is so difficult to determine f t(x) generally by using Eq. 
(19), and from practical point of view it is more important to investigate the moments 
of  {x(t)}  than  fix) itself. 
   The k-th moment of  {x(t)} can be expressed in a simplified version by exchanging 
the order of removing the condition with respect to  IN(0) and expected value operation 
as follows. 
 Effx(019r=  E  IE[Y  nk]• P0(61 (21) 
 a=1 
When {X} is independent, the moment of its successive quantity  {  11.)  , or  E[17,,°] is 
expressed by a polynomial of n with less degrees than or euqal to k and eventually 
 E[foc(t)lh] is expressed by the moments of  WW1 of which degrees are less than k22). 
Particularly, in the cases of k=1 and k=2, the following equations are  obtained22). 
        distance distance 
 N(t)=1 N( 0.2 
        "d:.SinnifIrnda                                                      r"..1Cfri 
                                                      X1  1 
      0  t  time 0 t  time 
                              Fig. 20. Definition sketch.
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 E[x(1)]=E[AlE[NW] (22) 
 Errx(1)} 2] =V ar[X]. EU V(0]+  {E[X]]2•E[{N  2] (23) 
where  Var[] indicates the variance. 
   Although the general calculation of the moments of  {NW} is not so easy, it is suffi-
cient to know the behaviors for a situation of  t—>oo in the case that only sediment tran-
sport rate and ensemble averaged properties of sediment dispersion process should be 
clarified under equilibrium conditions of sand waves. 
   From the definition of  P„  (t), 
• 
        *maE  Pe(t)=prob [N(l)< n] =prob [S,,>/=//72*(r)dr (24) 
and putting 
 t=nE[T]—^ Var [T] (25) 
the following relation can be obtained. 
        prob  [S  n>ll  =prob  [  (S.—nE[T]]  fsln Var [T]  >  —e] (26) 
where  S„—rid-T2-1•-•+T„. In the case of  n—)-co, from the central limiting theorem, 
the right term of the above equation must converge the following. 
 (1/42r).f:exp  (—u2/2)du 
Meanwhile, 
                       N (6—(1112[7]1n— ftlE[r]]         prob [N(6<n] =prob [4, Var [T]/ {E[T])<sit Var [T]/  {E[T]} 3 
                                            (27) 
And from Eq. (25), the following relation is obtained. 
 n—  [11  E[r]]                        (--esInE[T]l I )—e(1-1-, n Var  [T] (28)        J
t Var [7]1  {E[T]}  3 
Regarding the above equation as a quadratic equation with respect to  ^ In  /t the following 
is obtained. 
 lim  NIT!  vet Var  [7']/12  ve2Var  [T]j12-1-  4E1-Tilt  0                                             (29)
    t— t t— 2E[T] 
 im  77 -  (11E[T]l   _e                                               (30)            V 
ar  [T  ]/  {RPM 
Consequently, in the case of  n—)-00, 
        prob  [/V(t)<n]—>prob  [  IN  (1)-11E[T]l  /nit Var  [7]1  fE[T]]  3  < (31) 
The above result means that the distribution of  {N  (0) tends to be a normal one of which
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mean and variance are  IlE[T] and  t•Var  U11[12[7]}  3, respectively. Namely, 
 E[N(t)]—>t1  E[T] (32) 
     Var  [N(1)]-÷a7-21/Ern (33) 
Applying the above results to Eqs. (22) and (23), the following equations are obtained 
as asymptotic expressions. 
 E[x(t)]=A(1.7')•t (34) 
 El(x(1))2]—(112111)•(ar  2-FaX2  071)1 (35) 
      Var  [x(1)]=(ar2±a  x0'(n17).1 (36) 
Therefore, the mean velocity of the group of sediment particles noticed under equilibrium 
conditions of sand waves which is represented by  V, is expressed by 
 Vg=  atE[x(t)]=-Alt (37) 
And the following bed load transport rate formula can be obtained by considering that 
the thickness of a moving layer may be equal to the standard deviation of bed elevation  av 
 q8—(1—po)•0(T).a, (38) 
As  Aft and  2u, may be equal to the mean celerity and mean wave  height/9),m of sand 
waves respectively, the above equation is equivalent to Eq. (2). 
   As shown in the above, the averaged bed load transport rate obtained by stochastic 
approach is identical to the one given 
by a simplified consideration based on  40  '  Yang Data 
the averaged geometry of sand waves. 30 Run  1M  0 Left Side 
On applying a stochastic model, how- 20  • Right Side  predsd`p° 
ever, it is also possible to estimate the 10  .  peLe°' 
variation or scattering of the traveling  0   •  •  sC  0  10  20 
distance of sediment particles noticed. Ripple Conditions 
          t.140  •  This is important to give vital infor- 
 Yang Data 
mation to the problem to forecast the  t 120  '  Run  2M 
 0 Left Side di
spersion process of contaminated 100 • Right Side 0                                                                   • 
sediment in such undulated beds  DO 
 . where dunes are formed dominantly.  GO  -  •  ;Z° 
The variational properties cannot be 
described without involving the pro-                            40- • ,4 
babilistic characteristics of individual20 
sediment motion as an elementary  0  1 2 3  d  5  6 i  8 
event such as the variation coefficientsDispersion  Time,t(hourS)                                                                Dune Conditions 
of rest period and step length,  ar and                                        Fi
g. 21. Dispersion process of group of sediment ax, and hence they can be expressed tracers (after the experimental results by 
only by a stochastic model. Yang & Sayre).
 Characteristics of Sediment Transport Process on Duned Beds                                                             61
                           Analyzed by Stochastic Approach 
    Into the bargain, such variational 
characteristics are important because H(Var[x(t)))   
these can give a number of influences (ft2/hr)   - 
to the temporal variation of concen- 
tration of contaminated sediment
ice,"'•2c                                                                                 ^,” 
apart from a pollution source, or the t                      10 -
amount of contaminants in the chan- —  
nel  as  a  whole.*/F 
 Substituting  ax  =0.71  and  ar= 
 • 
 1.2  into  Eq.  (36)  as  obtained  in  •  14 
Chapters 2 and 3, the variance of  too   
                  IC°1
(X(01 is obtained as  follows.ofH(Varigt)i) 
                                                                         estimated 
 Var [x(611,-=1.94(i121T).1  (39) (ft?/hr) 
                                       Fig. 22. Experimental verification of forcast of 
Differentiation of Eq. (39) yields sediment dispersion process by the modified 
 a      Var [x(t)] =1.94212t (40)                                                    stochasticmodel.at 
The validity of Eqs. (39) and (40) are confirmed by the experimental results obtained 
from radioactive tracer tests conducted by Yang &  Sayrem as shown in Figs. 21 and 22 
respectively. 
5. Conclusion 
   The sediment movements over undulated beds such as dunes or ripples are strongly 
intimated to the bed configurations. In this paper, noticing this fact sediment transport 
process has been described by a stochastic model constituted by step length and rest 
period which can be defined in relation to undulated bed profiles, particularly the statis-
tical characteristics of bed configurations. At least in the level of coarse graining for 
the length-scale of the mean wave length of sand waves, a model based on the above 
consideration can describe the sediment transport process without spoiling the charac-
teristics of motion of individual bed load particles. Moreover, by such a stochastic 
model the phenomena in dune bed conditions can be explained as well as those in flat bed 
conditions and this method may be more reasonable or more appropriate for estimation 
of bed load transport rate in the case of undulated beds than the previous methods such 
as those using the concept of an effective bed shear stress. 
   In duned beds, the rest period must be much influenced by the position particularly 
the elevation of the particle noticed in the bed. Hence, the conditional distribution in 
y-direction at first and then the distribution after releasing the condition  were investi-
gated. As a result, the conditional distribution of rest period can be approximately 
expressed by an exponential one, but the distribution after condition releasing can be 
fairly well expressed by a gamma one of which shape parameter is about  0.7 because 
the variation coefficient is about 1.2. According to them, the variations  in  y-direction 
of conditional mean and conditional standard deviation were investigated in relation
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to the statistical properties of bed configurations. 
   As for the step length, the object is limited to only a particle in motion and therefore 
on the bed surface, and its motion is strongly connected with comparatively regular bed 
undulations as seen from the fact that the variation coefficient of the wave length of sand 
waves is about 0.5. Hence, the variation coefficient of step length is comparatively 
small and a gamma distribution of which shape parameter is about 2 is appropriate as 
the distribution of step length as investigated in relation to the statistical properties of 
longitudinal bed configurations. 
   The properties of both rest period and step length investigated based on bed 
profile analyses showed a good agreement with the results of tracer tests or direct 
measurements, and this fact convinced us that the parameters representing the 
individual sediment behaviors can be determined in relation to the statistical properties 
of bed configurations. Meanwhile, the statistical properties of bed configurations have 
been vigorously investigated by a number of researchers and the authors derived a 
stochastic  modeluo which can be applied to them conveniently. 
   After clarifications of the characteristics of individual sediment motion, a stochastic 
model for bed load transport process was investigated as an integration of them and a 
general model to unify the explanations of sediment transport process both on  flat bed 
conditions and on undulated beds was presented. By this model, a forecast of the pro-
perties of sediment dispersion process over sand waves became possible and its validity 
was verified by applying this model to the experimental results previously obtained. 
   In conclusion, the model derived in this paper can explain bed load transport process 
systematically in dune bed regimes as well as in flat bed conditions, when the statistical 
properties of bed configurations are clarified. And, the flow properties over sand waves 
and the mechanism of sediment motion should be investigated to support this study in 
future. 
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